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Abst ract - -Us ing  interval matrices properties, we derive tests for weak stability, Schur stability, 
positive definiteness of a given real matrix as well as a test for a given Z-matrix to be a nonsin- 
gular M-matrix. Moreover, we also provide some necessary conditions for an interval matrix to be 
nonsingulax. 
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1. NOTATIONS AND PREL IMINARIES  
In this section, we recall some definitions, introduce some notat ions and modify, or iginal ly pro- 
posed in [1], a test for weak stabi l i ty  of a matr ix.  
DEFINITION 1. [2] A complex (reaJ, respectively) n-by-n matr ix  B (A, respectively) is cM1ed 
weak stable if there exists a complex (real, respectively) n-by-n matrix W (V, respectively) such 
that 
W + W* (V + V T, respectively) 
is positive definite, and such that  
BW + W'B* (AV + VT A T, respectively) 
is positive definite, where W* (V T, respectively) denotes the conjugate transpose of W (the 
t ranspose of V, respectively). 
DEFINITION 2. A real n-by-n matr /x  A is called a Z-matrix if all its off-diagoned entries are 
nonpositive. 
DEFINITION 3. [3] An n-by-n real matrix C is called an M-matrix if it can be written in the 
form 
C=r I -E ,  
where r > O, E is a nonnegative matr /x  and Q(E), the spectral radius orE, is not greater  than r. 
H Q(E) < r then C is called a nonsingular M-matrix; otherwise, a singular M-matrix. 
DEFINITION 4. A square matr ix  is called Schur stable if i ts spectral radius is less than 1. 
DEFINITION 5. Given two tea /n -by -n  matr ices A = (ai j )  and A = (~ j ) ,  the set 
[A ,A]  ={AER nx~:A<A<_A},  
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where R nxn denotes the set of all n-by-n real matrices and the matrix inequalities axe understood 
componentwise, is called an interval matrix. 
By [A, A]s we will denote an interval matrix containing a positive scalax matrix, i.e., a matrix qI, 
where q is a positive number. 
DEFINITION 6. An interval matrix [A_, A] is said to be nonsingular if each A E [A, A] is nonsin- 
gulax. 
In [1] it was shown that all convex combinations of two complex n-by-n matrices B1 and Bu 
are nonsingular if and only if the matrix Bl lB2 is weak stable. Based on this result, using the 
properties of interval matrices, the following test for weak stability of a real n-by-n matrix can 
be stated. 
THEOREM 1. [1] For a real n-by-n matrix A to be weak stable, it suffices that there exist two 
real n-by-n matrices A_ and A forming a nonsingulax interval matrix [_A, A] which contains both 
A and A 2. 
From the above-mentioned results we conclude that the test offered by Theorem 1 can be 
modified to the following, simpler from the applicational point of view, form. 
THEOREM 2. For a real n-by-n matrix A to be weak stable, it suffices that there exist two real 
n-by-n matrices A_ and -A forming a nonsingulax interval matrix [A_,-A]s, which contains A. 
2. MAIN  RESULTS 
We begin with a test for positive definiteness of a real symmetric matrix. 
THEOREM 3. For a real symmetric n-by-n matrix A to be positive definite it suffices that there 
exist two real n-by-n matrices A and -A forming a nonsingulax interval matrix [A, A--J8 which 
contains A. 
PROOF. By Theorem 2 it follows that A is weak stable. Keeping in mind that A is symmetric 
the assertion follows by [2, Theorem 1]. | 
Following Theorem 3, it is natural to ask if each symmetric matrix belonging to a nonsingular 
interval matrix [A, A]8 must be positive definite. A positive answer to this question provides our 
next theorem. 
THEOREM 4. Let [A, A]s be nonsingulax. Then each symmetric A E [A, A]8 is positive defin/te. 
PROOF. Assume to the contrary that [A, A]s is nonsingular and contains a symmetric A which 
is not positive definite. Then, by [2, Theorem 1], the matrix (q i ) - l~  is not weak stable and 
therefore, by the result from [1] mentioned in Section 1, there exists a singular convex combination 
qI and .4. Using Definition 5 it can be readily verified that this combination belongs to [A, A--I,, 
a contradiction. | 
In Theorem 5 below, we show that verification whether a given Z-matrix is a nonsingular 
M-matrix can be performed in the vein of Theorem 2. 
THEOREM 5. For a real n-by-n Z-matrix A to be a nonsingulax M-matrix it suffices that there 
exist two real n-by-n matrices A and -A forming a nonsingular interval matrix [A,A], which 
contains A. 
PROOF. Applying arguments similar to those used in the proof of Theorem 3, we establish weak 
stability of A. Keeping in mind that A is a Z-matrix the assertion follows by [2, Corollary 1]. | 
Following Theorem 5, it is natural to ask if each Z-matrix belonging to a nonsingular interval 
matrix [A,A]s must be a nonsingular M-matrix. A positive answer to this question provides 
Theorem 6 below. 
THEOREM 6. Let [_A,A]8 be nonsingulax. Then each Z-matrix belonging to [A,A], is a nonsin- 
gulax M-matrix. 
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PROOF. Assume to the contrary that [A, A]8 is nonsingular and contains a Z-matrix 2, which is 
not a nonsingular M-matrix. Then, by [2, Corollary 1], (q i ) - l~  is not weak stable. Proceeding 
as in the proof of Theorem 4, one easily establishes that [A,A]~ contains a singular convex 
combination of qI and .~, a contradiction. | 
Finally, we present a couple of results concerning Schur stability of real matrices. 
THEOREM 7. For a real n-by-n matrix A to be Schur stable it su///ces that there exist two 
real n2-by-n 2 matrices B and -B forming a nonsingular interval matrix [B_B_,-B]8 which contains 
I - A ® A, where A ® A denotes the Kronecker product of A and A. 
PROOF. Applying arguments used in the proof of Theorem 3, we establish weak stability of 
I - A ® A. The assertion follows by [2, Theorem 1] and by [4, Theorem 4.2.12]. | 
THEOREM 8. Let B,-B E R n2xn2 form a nonsingular interval matrix [B,B]s. I f  B E [B,-B]s ad- 
mats a decomposition of the form 
B=I -A®A,  (1) 
where A E R '~×'~, then A is Schur stable. 
PROOF. Assume to the contrary that [B,B]8 is nonsingular and contains a matrix B which 
admits the decomposition of the form (1) with A having the spectral radius greater or equal to 1. 
Then, by [4, Theorem 4.2.12] and by [2, Theorem 1], B is not weak stable. The assertion follows 
by adapting arguments completing the proof of Theorem 4. | 
We shall close the paper with a remark. 
REMARK. With reference to Theorems 2, 3, 5, and 7, we notice that as an interval matrix which 
contains both a given real m-by- |  matrix A = (aij) and a positive scalar m-by- |  matrix qI, one 
can choose the matrix 
{C = (cij) e Rmxm : min{f( i , j )q,  aij} <_ cij <_ max{f( i , j )q ,  aij} } , (2) 
where i , j  = 1, . . . ,  m and f ( i , j )  = 1 -s ign( [ / - i f ) .  In testing (2) for nonsingularity we suggest 
to use a nonsingularity condition due to Beeck [5] or its modification given in [6]. 
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